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SYNTHESIS OF THERMOSTATING DEVICES. 

II. MATHEMATICAL MODELS 

G. N. Dul'nev and P. A. Korenev UDC 536.24 

The article deals with the procedure of designing (synthesis) of thermo- 
stating devices from the position of the systems approach. It compares 
the possibilities of the mathematical models used with this approach. 

In the final analysis the designing of a thermostat consists in the realization of such 
boundary conditions for the object of thermostating which make it possible to attain the 
required (specified) space-time temperature field of the object, to ensure the specified 
error of thermostating and the specified time for attaining the operating regime, to satisfy 
requirements concerning overall dimensions, power consumption, weight, etc. 

From this information on the permissible state of the system (the thermostat and the 
object of thermostating) we have to find the unknown causal characteristics, i.e., the bound- 
ary conditions for the object. These boundary conditions then enable us to choose the de- 
sign of the thermostat and its operating regime. Such a statement of the problem makes it 
necessary to solve the inverse problem of heat exchange in a technical system [i]. From 
among various methods of solving inverse problems we will deal with the method of multiple 
realization ("scanning") of mathematical models whose essence reduces to the following �9 
operations: a) on the basis of some considerations the prototype of the design (basic model) 

Leningrad Institute of Precision Mechanics and Optics. Translated from Inzhenerno-Fiz-T i 
cheskii Zhurnal, Vol. 51, No. 4, pp. 660-667, October, 1986. Original article submitted June 
i0, 1985. 

0022-0841/86/5104-1243512.50 
�9 1987 Plenum Publishing Corporation 1243 



~-~ Fig. i. Diagram showing 
~ the design of the ther- 

7 mostating device. 

i s  chosen and t h e  ma thema t i ca l  d e s c r i p t i o n  o f  t he  p r o c e s s  under  s t udy  i s  c o n s t r u c t e d ;  b) 
wi th  t he  a id  o f  t h e  chosen ma t hema t i ca l  model i n f o r m a t i o n  on t h e  t he rma l  s t a t e  of  t he  o b j e c t  
o f  t h e r m o s t a t i n g  i s  a s c e r t a i n e d ;  c)  t he  o b t a i n e d  r e s u l t s  a r e  compared wi th  the  t e c h n i c a l  
s p e c i f i c a t i o n  (TS),  t he  des ign  i s  c o r r e c t e d  and subsequen t  c a l c u l a t i o n s  a r e  c a r r i e d  ou t .  

This  p r o c e d u r e  i s  r e m i n i s c e n t  of  t e s t i n g  des igns  by t r i a l  and e r r o r  on a c t u a l  o b j e c t s ,  
on ly  t h e s e  o b j e c t s  a r e  r e p l a c e d  by a ma thema t i ca l  model.  

Thus,  t h e  d e s c r i b e d  method r e q u i r e d  t h e  s o l u t i o n  o f  t h r e e  b a s i c  p rob lems ,  s p e c i f i c a l l y  
t h e  c o n s t r u c t i o n  o f  a s e t  of  base models ,  t he  c o n s t r u c t i o n  of  a ma thema t i ca l  model f o r  a 
t e c h n i c a l  sys tem,  and t he  d e t e r m i n a t i o n  of  t he  most economica l  method of  r e a l i z i n g  t he  
scanning  p r o c e d u r e s .  Below we examine p o s s i b l e  ways of  s o l v i n g  t he  second problem from 
among t h e  s t a t e d  ones in  d e s i g n i n g  t h e r m o s t a t i n g  d e v i c e s .  

Modern t h e r m o s t a t s  (F ig .  1) u s u a l l y  c o n s i s t  of  one of  s e v e r a l  chambers ( j a c k e t s )  2 in -  
s i d e  which t he  o b j e c t  of  t h e r m o s t a t i n g  1 i s  p l a c e d .  The j a c k e t s  c o n t a i n  t he  c o n t r o l  e l e -  
ments 3, in  t h e  g e n e r a l  case  nonun i fo rmly  d i s t r i b u t e d  t h r o u g h o u t  t h e i r  volume, and t emper -  
a t u r e  s e n s o r s  4 which a c t  as s e n s i t i v e  e lements  of  t he  sys tem of  au toma t i c  c o n t r o l .  The 
the rma l  c o n t a c t  o f  t he  t h e r m o s t a t  wi th  the  envi ronment  i s  e f f e c t e d  th rough  t he  t he rma l  in -  
s u l a t i o n  5, t h e  c o o l i n g  system 6, and th rough  t h e  l o c a l  c o n n e c t i o n s  7. 

In  t he  a n a l y s i s  o f  t he  t he rma l  regime of  t h e r m o s t a t i n g  sys tems ,  t he  c h a r a c t e r i s t i c  
e lement  i s  t he  j a c k e t  f o r  which ma thema t i ca l  models wi th  v a r i o u s  deg rees  of  d e t a i l i n g  a r e  
used.  For i n s t a n c e ,  in [3] a model was used d e s c r i b i n g  t he  t e m p e r a t u r e  f i e l d  of  t h e  j a c k e t  
and o f  t he  o b j e c t  wi th  t he  f u l l e s t  deg ree  of  d e t a i l i n g :  

c~(x-~, t0pi(x) 0t~ _ div(%i(x~, t~)gradti)+ q~(~, ti), (1)  

--Xf(x) Ot~ o~u(~, t~, t j )( t i -- t j )+q,(x,  6, tj), (2)  
an 

tiI~=0 = tit i = I ,  2 . . . . .  N, ~ = ~ 1 ,  ~ ,  xs), (3)  

where qv, a i j ,  t j ,  and qs a r e  f u n c t i o n s  of  t he  c o o r d i n a t e s  and t e m p e r a t u r e s  e x p r e s s i n g  the  
e f f e c t  o f  t he  i n t e r a c t i n g  e l emen t s  and of  t he  env i ronment  on t he  j a c k e t  under  examina t ion .  
By a d e q u a t e l y  choos ing  t he  form of  t h e s e  f u n c t i o n s  we can d e s c r i b e  t he  e f f e c t  of  t he  h e a t e r  
situated inside the jacket. 

Equation (i) is a set of three-dimensional nonsteady equations of heat conduction for 
N structural elements of the thermostat, condition (2) describes the thermal contact of the 
jackets with each other and with the environment, expressions (3) describe the initial con- 
ditions. 

The mathematical model (1)-(3) makes it possible to obtain information on the temper- 
ature field in any region of a complex system; however, in most cases such information is 
superfluous, it is difficult to realize and entails much computation time. 

The one-dimensional model is simpler, but it is suitable only for obtaining less de ~ 
tailed information on the thermal state of a system [4]: 

~,  _ 1 0 _ _ O _ _ | S ~ ( r ) %  * Ot~ ]+q~, (r )+~, ( t , - -u~O,  (4) 
s OZ Si (r) Or L Or J 
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~,~ ~Oti r=ri, I + q~i' I (~) =: ~1 (ti - -  6 - 0 ,  i = 2, 3 . . . . .  N, (5) 

Oti 
- - L i  - - [ O r  r=q,~-q'~'~(~:)=ai~(t~--ti+')' i =  1, 2 . . . . .  N - - l ,  (6)  

Oq Ot ,v 
:)~ " - ~ r  [~=0 -- 0, --}~x ~ ~=~N, 2 + qs~e, 2("r) = ~N2(tjv - t * ) '  (7) 

t~(r; 0)=to~(0,  i =  l, 2 , . . . ,  N. (8)  

The rules for the transition from the generally accepted system of coordinates to the 
system of coordinates used in (4)-(8), and also the substantiation of this model are ex- 
plained in [4]. 

The system (4)-(8) describes the unidimensional temperature fields of the thermostat 
jackets. The use of these relations makes it possible to investigate entire classes of 
objects, and in addition the computer realization of this unidimensional model is much 
simpler than the realization of (i)-(3). 

Even simpler than the two previously mentioned systems is the system of equations with 
concentrated parameters; it is accepted practice to use it for analyzing the thermal re- 
gime of thermostats. In general form this system can be written in the following manner 
[2, 4, 5]: 

N N 

+ - -  : P ( 9 )  

tui I~=o = Qit. (10) 

Equation (9) expresses mathematically the law of conservation of energy: the power re- 
leased in the i-th element is expended on changing the temperature of the i-th volume (Cidtvi/ 
d~) and is transmitted from the i-th element to all the other N - 1 elements of the system 
N 

~ a~j(Q~--Qj) �9 Expression (i0) is the initial condition for the i-th element. 
i=l 

The number of unknown temperatures in the system (9)-(10) exceeds the number of equa- 
tions because the volumetric (v) and the surface (s) temperatures appear in it. Therefore, 
to close the system, we have to provide additional data establishing a correlation between 
the sought temperatures. Closure of the system can be effected in several ways [2]. 

If the internal thermal resistances in the elements of the system are much smaller than 
the external ones (i.e., Bi = ais i << I), it is correct to assume that the temperature 
field is uniform, i.e., 

t~i == tsi. (ii) 

In the general case it is necessary to introduce an additional correlation between the un- 
known mean surface temperatures tsi and the mean volumetric temperatures tvi. For that the 
coefficient of nonuniformity of the temperature field is used: 

% = Q,--'[i_ , t i =  ~.~ ai;Qj/~1. ~ a,,.. (12) 
tol ~ ti i i 

The method o f  a p p r o x i m a t e l y  d e t e r m i n i n g  $~ f o r  b o d i e s  w i t h  d i f f e r e n t  c o n f i g u r a t i o n s  was 
p r e s e n t e d  in  [2, 5 ] .  

A l l  t h e  o t h e r  models  w i t h  whose a i d  t h e  t e m p e r a t u r e  f i e l d s  o f  t h e r m o s t a t i n g  sys t ems  
a r e  a n a l y z e d  a r e  m o d i f i c a t i o n s  o f  t h e  a b o v e - m e n t i o n e d  models  or  t h e i r  c o m b i n a t i o n s .  

Thus,  in  t h e  s y n t h e s i s  o f  t h e r m o s t a t i n g  s y s t e m s ,  s e v e r a l  v a r i a n t s  o f  t h e  m a t h e m a t i c a l  
models  may be used  in  dependence  on t h e  s p e c i a l  f e a t u r e s  o f  t h e  o b j e c t s  o f  t h e r m o s t a t i n g  
and the modifications of the technical specifications. However, the decision which of the 
models is to be used must be substantiated because there is a danger of either coarsening 
the investigated process too much or of going needlessly into excessive detail. 
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Fig. 2. Diagram showing the design of a thermostat for an 
optical crystal: a) thermostat; b) crystal. 

To attain maximal effectiveness in the choice of the parameters of the thermostat, it 
is expedient to use the method of stagewise modeling [2, 5] which lately has been widely 
used. With this method the first stage entails an examination of the system as a whole, 
with the aid of equations describing the integral interaction between component parts. Then, 
for a more detailed analysis, some region of the system is chosen, and the entire remain- 
ing part is taken into account in the analysis of the thermal regime of the chosen region 
in the boundary conditions. If the region that is of interest is also a system of bodies, 
then at the subsequent stage the heat exchange of this new system is examined, etc. 

Let us examine the possibility of using the method of stagewise modeling in designing 
thermostats. At the initial stage we use the mathematical model composed of equations of 
the type of (4) or (9), which make it possible to determine the mean surface and mean vol- 
umetric temperatures. With this model we can determine the basic parameters of the thermo- 
stat: the time required for attaining the operating regime, the error of thermostating the 
mean volumetric or mean surface temperature, the full power of the control element and the 
regime of its operation, etc. The initial data for calculations by the mentioned models 
are the ranges of possible change of full thermal capacities Ci, of thermal conductivities 
oij, and also lists of standard elements with their characteristics. The problem of syn- 
thesis of the thermostat at this stage consists in choosing from the mentioned ranges such 
fixed values of the listed parameters which satisfy the requirements of the technical speci- 
fication for designing the thermostat. 

The assumption that it is possible to use a system of equations for the mean surface 
and mean volumetric temperatures introduces a certain error into the calculation of th~ 
quality indicators of the thermostating system. If this error does not exceed the per- 
missible value, we may go over to the following stage, i.e., the analysis of the thermal 
regime of the most critical elements of the thermostat. 

Such an analysis has to be carried out usually only for the object of thermostating. 
In that case a three-dimensional equation of heat conduction (i) is formulated for the 
object; this makes it possible to calculate the local temperatures, and from them to go 
over to the operating parameters of actual objects. 

All the data on the thermal state of the remaining part of the investigated system are 
taken into account in the boundary conditions for the object of thermostating. Thus, the 
boundary condition (2) at the second stage has the form 

%~(~ Ot~ _~,2- (t~, <t2~>, x~(t~-- <Q~>) + q~(~ Q). (13) 
On 

The temperature tj, which is a function of the coordinates, is replaced by the mean sur- 
face temperature <t2s> nearest to the object of jacket 2, and the local coefficient of 
heat transfer ~ij is replaced by its averaged value ~12. The errors due to such a substi- 
tution can be evaluated by the method suggested in [2]. 

Planning the design of the thermostat at this stage may consist in determining the law 
of distribution of the power of the control element, the optimization of the conditions of 
securing the object of thermostating inside the chamber, in the rational disposition of 
local contacts, etc. 

As an example, we will consider the analysis of the thermal regime of a thermostat of 
an optical crystal. The design of such a thermostat is shown diagrammatically in Fig. 2. 
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The object of thermostating 1 in the form of a rectangular parallelepiped is situated in 
chamber 2 of metallic material which is in direct contact with the object through four 
sides, and the two remaining sides are protected by windows 4 for the passage of a light 
beam. Situated on the chamber are also the wire heater 3 and the temperature sensor 5. 
On the outer surface the structure is surrounded by the heat insulation 6. 

The problem consists in choosing the parameters of the thermostat design such that 
they satisfy the requirements of the technical specification regarding the error of thermo- 
stating, the time required for attaining the operating regime, and the permissible nonuni- 
formity of the temperature field of the object. 

Let us construct the thermal model of the thermostat at the first stage. The evalua- 
tion of the temperature gradient across the thickness of the chamber made of metal enables 
us to regard the chamber as an object with concentrated parameters. The dimensions of the 
sensor (thermistor) are small compared with the dimensions of the chamber, the processes 
of heat exchange in the sensor are therefore also described by an equation with concentra- 
ted parameters. The heater is taken to be an internal heat source uniformly distributed 
throughout the volume of the chamber. At this stage of the calculation we also assume that 
the light windows have a uniform temperature field and are part of the chamber. In addi- 
tion we assume that the heat insulation has low heat capacity and is characterized solely 
by the thermal resistance that is part of the thermal resistance between the chamber and 
the environment. 

Thus, the thermal model of the thermostat at the first stage consists of the following 
elements: the object of thermostating whose temperature field is described by the unidimen- 
sional equation of heat conduction, the chamber with uniform temperature distribution, and 
the sensor. And the mathematical model with two-position control is represented by the 
system of equations: 

( 0t, or1 _ Xz ~ 0 S~ (r) + qol, (14) 
c~o~ Or S, (r) 0---7- Or ] 

c ,  _t_~a = ,~1~ ( t , 1 -  t~) + ,~,c ( t o -  t~) + P~, (15)  

Ca dt8 = a2a(t~--t3) + a3c(te--t~), (16) 
dT 

Oq ~=~ 1 --  ~s12 t2), ~1 Or1 = O, ( 17 ) 
Or ,2 Z~S~----~ (q Ir='l' 2-- Or ~=o 

(P2 for ta<3--b 

[ 
Pz { or for 1 dts < O, 

(Ofor ts > t~ + b 

(18) 

t t t~-b~< 3-<_t3 +b, 
or for dt~ >0, 

d'~ 

ti [~=0 =t~,  (19) 

where tl, t2, and t a are the temperatures of the object, of the chamber, and of the sensor, 
respectively; om2 , o2a , O2c , Oac are the thermal conductivities between the object and the 
chamber, the chamber and the sensor, the chamber and the environment, and between the sen- 
sor and the environment, respectively: t3 t is the tuning temperature of the sensor: b is the 
half-width of the zone of non-uniqueness of the regulator. 

In this system the equation for the object (14) is a special case of Eq. (4) in which 
the term taking heat exchange with the inner liquid flowing through is lacking, and the 
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thermal conductivity is not a function of the coordinate. Equations (15) and (16) were ob- 
tained from the more general equation (9) for the case when 41 = 42 = i, and the boundary 
conditions (17) were obtained from (5) for qs1,1 = 0 and from (7). 

With theaid of the numerical realization of the system (14)-(19) we choose the para- 
meters of the design ensuring the required error of thermostating and the time required for 
attaining the operating regime. The heat capacity C 2 of the chamber, the type and place 
of attaching the sensor, the power P2 of the heater, and also the thermal conductivities el2 
and O2c relate to the design parameters. 

At the second stage more detailed calculations have to be carried out. This has to do 
with the fact that the conditions of normal operation of the object can be checked only on 
the basis of an analysis of the three-dimensional temperature field of the basic elements. 

For instance, to determine the nonuniformities of the temperature field of the object 
caused by the influence of the light windows, we have to determine first the temperature 
field of the window and choose its thickness such that this influence lies within the limits 
of the error of thermostating. For that we formulate the steady-state three-dimensional 
equation of heat conduction for a rectangular parallelepiped without heat sources: 

~2to + 02t____a_o + &to = 0 . '  ( 2 0 )  
Ox ~ Oy 2 Oz ~ 

The boundary c o n d i t i o n s  fo r  (20)  exp re s s  the  thermal  i n t e r a c t i o n  between window, chamber, 
and object: 

to (x, y, = ( 21 ) 

Ore I = Ore [ = 0 ,  (22) 
Ox x=0 Oy y=o 

~,o Oto Oto = ~ ( t o - -  GO, ( 2 3 )  Oz �9 = - l z  = ~1 (to - -  to); ~o ~ ~ = l~ 

where t o is the temperature of the light window; 2s 2~y, 2s z are the dimensions of the 
window in the directions of the axes of coordinates; t 2 is the temperature of the chamber; 
t c is the ambient temperature; ~i and ~2 are the heat transfer coefficients from the sur- 
face of the window to the environment and toward the side of the crystal. 

Condition (21) presupposes equality of the temperatures of the window and of the cham- 
ber on the boundaries x = ~x and y = ~y of their direct contact; condition (22) denotes 
symmetry of the temperature field relative to the planes x = 0 and y = 0, and condition (23) 

describes the heat exchange of the surface of the window with the environment and with the 
object of thermostating. 

In accordance with the method of stagewise modeling, the temperature t 2 of the thermo- 
stat chamber in Eqs. (20)-(23) is taken from the solution of the system (14)-(19). 

The nonuniformity of the temperature of the object of thermostating is evaluated on the 
basis of the solution of the three-dimensional nonsteady-state equation of heat conduction 

which is a linear variant of Eq. (i): 

Oh 
C l p t - - =  ~lV2tl + q~l. (24) 

0 r  

The boundary conditions for (24) express the conditions of thermal interaction of the 
object with other elements of the thermostat: 

I Otx = ~ (h - -  to), (25a)  Oh(x, y, z) = 0; ~ 1 ~  ~=l 

OZ z=o Iz 

tl(x, y, z) Ix=t, x = t,; Ot~ I = Ot~ I = 0, (25b) 
y=tl u 0x Ix=o 0y y=o 

h (x, y, z, T)I~=o = q t  (x' Y' z), (25c)  
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where ~ix, ~ly, ~iz are the dimensions of the object of thermostating in the directions of 
the axes of coordinates; to, t2 are the temperatures of the light window and of the chamber, 
respectively, obtained at the preceding stages after the problems (14)-(19) and (20)-(23) 
had been solved. 

In accordance with (25) the object takes part in symmetric heat exchange with the light 
windows along the z-axis (25a), and along the other two axes it is in ideal contact with the 
chamber (25b). Condition (25c) closes the system. 

The presented example shows that the described approach makes it possible from the same 
positions to arrive at the synthesis of the design of thermostats for different objects. 

A further task is to work out actual algorithms for choosing the design parameters satis- 
fying the requirements of the technical specification. 

NOTATION 

ti, tj, temperature of the i-th and j-th element, respectively, of the thermostat; tvi, 
tsi , mean volumetric and mean surface temperature, respectively, of the i-th element of the 
thermostat; Ci, ci, Pi, hi, full and specific heat capacity, density, and thermal conducti- 
vity, respectively, of the i-th element of the thermostat; qvi, qsi, specific power of the 
volumetric and surface heat sources, respectively; ~, time; Si(r), running area of the iso- 
thermal surface; r, generalized coordinate; oij, thermal conductivity between the i-th and 
j-th elements of the thermostat; avi, volumetric heat-transfer coefficient with the inner 
convective medium; ~N2, heat-transfer coefficient of the element of the thermostat with the 
environment; Uvi , temperature of the inner convective medium; qsi,:, qsi,2, specific power of 
the surface heat sources on the inner and outer surface, respectively, of the i-th jacket; 
Pi, full power of the heat sources in the i-th element; i, j, subscripts denoting the ordi- 
nal numbers of the elements of the thermostat. 
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PARAMETRIC METHOD FOR THE SOLUTION OF AN ILL-POSED INVERSE 

HEAT-CONDUCTION PROBLEM IN APPLICATION TO THE OPTIMIZATION 

OF THERMAL REGIMES 

V. M. Vigak and V. L. Fal'kovskii UDC 517.977.56:536.12 

A method is proposed for the stable approximate solution of an ill-posed 
inverse heat-conduction problem, to which the investigated problem of op- 
timal control of the thermal regime of a rigid body is reduced. 

The timeliness of nondestructive testing problems and the difficulties of reconstructing 
the temperature field and the thermophysical characteristics of an object from experimental 
results have fostered the rapid development of identification methods in heat conduction 
[1-3]. It has been shown [4] that a number of problems in the control of the thermal regime 
of a rigid body can also be solved by reducing them to an inverse heat-conduction problem 
(IHCP). In the latter case, as a rule, certain characteristic (thermal or thermomechanical) 
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